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Introduction
This paper is a continuation of the preprint [23] entitled "Subshifts, λ-graph bisystems and C * -algebras", arXiv:1904.06464.
Let Σ be a finite set called an alphabet. Let σ : Σ Z −→ Σ Z be a homeomorphism of the shift σ((x n ) n∈N ) = (x n+1 ) n∈N , where Σ Z is endowed with its product topology. A closed σ-invariant subset Λ of Σ Z is called a subshift. It is a topological dynamical system (Λ, σ) on the compact Hausdorff space Λ. In [15] , the author introduced a notion of λ-graph system as a generalization of finite labeled directed graphs. A λ-graph system over a finite alphabet Σ is a labeled Bratteli diagram (V, E, λ, ι) with a labeling map λ : E −→ Σ of edges and an additional structure ι : V −→ V . The map ι : V = ∪ ∞ l=0 V l −→ ∪ ∞ l=1 V l consists of a sequence ι : V l+1 −→ V l of sujections between vertices. In [15] , it was proved that any λ-graph system presents a subshift, and conversely any subshift may be presented by a λ-graph system called the canonical λ-graph system. It was proved that two subshifts are topologically conjugate if and only if their canonical λ-graph systems are (properly) strong shift equivalent. In [16] , a certain C * -algebra associated with a λ-graph system was introduced as a generalization of Cuntz-Krieger algebras. Since algebraic structure of the Cuntz-Krieger algebras reflect one-sided shift structure of the underlying topological Markov shifts, the C * -algebras associated with λ-graph systems reflect one-sided shift structure of the underlying subshifts.
There is a construction of C * -algebras that reflect two-sided shift structure of topological Markov shifts. It has been presented by D. Ruelle [31] , and I. Putnam [27] . They constructed several classes of C * -algebras from Smale spaces. Two-sided topological Markov shifts are typical examples of Smale spaces, and the Smale space C * -algebras for topological Markov shifts are asymptotic Ruelle algebras R a A . Let (Λ A , σ A ) be a topological Markov shift defined by a nonnegative matrix A. The C * -algebra R a A is realized, roughly speaking, as the crossed product C * -algebra F A ⋊ σ A Z of the two-sided AF-algebra defined by the matrix A by the shift automorphism σ A ( [7] , [27] , [29] , etc. ). It is well-known that a subshift can not be a Smale space unless it is a topological Markov shift. Hence we may not apply the construction of C * -algebras for general subshifts.
In this paper, we will construct a two-sided AF-algebra having shift automorphism from a general subshift, so that we may construct a subshift version of asymptotic Ruelle algebras. To construct AF-algebras from general subshifts, we will use a notion of λ-graph bisystem introduced in a recent paper [23] . A λ-graph bisystem (L − , L + ) consists of a pair of two labeled Bratteli diagrams L − , L + satisfying certain compatibility condition on their edge labeling. Let (L − , L + ) be a λ-graph bisystem, that consists of two labeled Bratteli diagrams L − = (V, E − , λ − ) and L + = (V, E + , λ + ). They have the common vertex set V = ∪ ∞ l=0 V l . The former one L − has upward directed edges E − = ∪ ∞ l=0 E − l,l+1 , and the latter one L + has downward directed edges E + = ∪ ∞ l=0 E + l,l+1 . The labeling maps of edges λ − : E − −→ Σ − and λ + : E + −→ Σ + satisfy certain compatibility condition, called local property of λ-graph bisystem. For any two-sided subshift Λ, there exists a λ-graph bisystem satisfying a special property called FPCC (Follower-Predecessor Compatibility Condition). We will construct an AF-algebra F L from a λ-graph bisystem (L − , L + ) satisfying FPCC. The AF-algebra F L has a shift automorphism ρ L arising from a shift homeomorphism σ on Λ. Then we may construct the crossed product C * -algebra F L ⋊ ρ L Z denoted by R L . It is a two-sided subshift analogue of asymptotic Ruelle algebras constructed from Smale spaces. Under a certain irreducibility condition on (L − , L + ), we have Theorem 1.1 (Proposition 3.6, Theorem 4.8). Let (L − , L + ) be a λ-graph bisystem satisfying FPCC.
(i) If (L − , L + ) is irreducible, then the AF-algebra F L is simple.
(ii) If (L − , L + ) satisfies condition (I) and is irreducible, then the C * -algebra R L is simple.
For a two-sided subshift Λ, there exists a canonical method to construct a λ-graph bisystem satisfying FPCC. The λ-graph bisystem is called the canonical λ-graph bisystem for a subshift Λ and written (L The above theorem shows that the triple of its K-theory group
is invariant under topological conjugacy of subshift Λ. If Λ is a topological Markov shift Λ A defined by a nonnegative matrix A, then the C * -algebra F Λ A is isomorphic to the AFalgebra defined by two-sided asymptotic equivalence relation on Λ A seen in [31] and [27] (cf. [7] , [29] , etc.). The algebra and its K-group are deeply studied by Killough-Putnam in [8] (cf. [7] ).
Two subshifts Λ 1 , Λ 2 are said to be flip conjugate if Λ 1 is topologically conjugate to Λ 2 or its transpose t Λ 2 . As a corollary, we have Corollary 1.3 (Corollary 5.6). Suppose that two subshifts Λ 1 , Λ 2 are flip conjugate. Then there exists an isomorphism Ψ : R Λ 1 −→ R Λ 2 of C * -algebras.
Hence the C * -algebra R Λ and its K-theory groups K * (R Λ ) are invariant under flip conjugacy of subshifts.
We will compute the K-theoretic triple (K 0 (F L ), K 0 (F L ) + , σ L * ) and the K-groups K i (R L ), i = 0, 1 in terms of the λ-graph bisystem (L − , L + ) satisfying FPCC. Let us denote by {v l 1 , . . . , v l m(l) } the vertex set V l for l ∈ Z + = {0, 1, 2, . . . }. For two vertices v l i ∈ V l and v l+1 j ∈ V l+1 , let M − l,l+1 (i, j) (resp. M + l,l+1 (i, j)) be the nonnegative integer of the cardinal number of edges in L − (resp. L + ) starting at v l+1 j (resp. v l i ) and ending with v l i (resp. v ) the dimension group for (M − , M + ). The map 
Let L be a λ-graph bisystem satisfying FPCC and (M − , M + ) its nonnegative matrix bisystem. We then have
For a two-sided subshift Λ, we in particular have the following formula
We will compute the K-groups K i (R L ), i = 0, 1 of the C * -algebra R L in the following way. Let (M − , M + ) be a nonnegative matrix bisystem. For l ∈ Z + , we set the abelian groups
By the commutation relation (1.1), the matrix t M − l,l+1 induces homomorphisms
We then have the following K-theory formulas for the C * -algebra R L . Theorem 1.5 (Theorem 6.11).
Some examples of the above dimension group (Proposition 7.4) and K-groups (Proposition 7.5 and Proposition 7.6) for topological Markov shifts are presented in Section 7. The K-groups for the even shift that is not any topological Markov shifts are computed in Section 8 (Proposition 8.7 and Proposition 8.8).
Throughout the paper, the notation N, Z + will denote the set of positive integers, the set of nonnegative integers, respectively. By a nonnegative matrix we mean a finite rectangular matrix with entries in nonnegative integers. For a finite set Σ, the notation |Σ| denotes its cardinality.
2 Subshifts and λ-graph bisystems Let Σ be a finite set, which we call an alphabet. We call each element of Σ a symbol or a label. Let us denote by Σ Z the set of bi-infinite sequences (x n ) n∈Z of Σ. The set Σ Z is a compact Hausdorff space by the infinite product topology. The homeomorphism of the shift σ :
is called a subshift, that is a topological dynamical system (Λ, σ). The space Λ is called the shift space for (Λ, σ). We often write the subshift (Λ, σ) as Λ for brevity. Let us denote by B n (Λ) the set of admissible words in Λ with length n, that is
with its entries A(i, j) in {0, 1}, the topological Markov shift Λ A is defined by
It is often called a shift of finite type or simply SFT. For a finite labeled directed graph G = (V, E, λ) with vertex set V, edge set E and labeling map λ : E −→ Σ, one may define a subshift Λ G consisting of bi-infinite label sequences of concatenating paths in the labeled graph G. It is called a sofic shift ([6] , [11] , [12] , [32] ). There are lots of subshifts that are not sofic shifts (see [14] , etc.). A λ-graph system L = (V, E, λ, ι) over Σ is a graphical object to present a general subshift ( [15] ). It consists of a vertex set V = ∪ l∈Z + V l and edge set E = ∪ l∈Z + E l,l+1 that is labeled with symbols in Σ by λ : E → Σ, and that is supplied with a surjective map ι(= ι l,l+1 ) : V l+1 → V l for each l ∈ Z + . The surjective map ι : V −→ V satisfies a certain compatibility condition with labeling on edges, called local property of λ-graph system. See [15] for a general theory of λ-graph systems. We emphasize that the λ-graph systems reflect right-one-sided structure of subshifts.
In [23] , the author generalized the notion of λ-graph system and introduce a notion of λ-graph bisystem, that is a two-sided extension of λ-graph system. It is defined in the following way. For a directed edge e, denote by s(e) and t(e) its source vertex and terminal vertex, respectively. Let Σ − and Σ + be two finite alphabets.
over Σ − and L + = (V, E + , λ + ) over Σ + satisfying the following five conditions:
(ii) The edge sets E − and E + are disjoint unions of finite sets E − = ∪ l∈Z + E − l,l+1 and
(iii) (1) Every edge e − ∈ E − l,l+1 satisfies s(e − ) ∈ V l+1 , t(e − ) ∈ V l , and for every vertex v ∈ V l with l = 0, there exist e − ∈ E − l,l+1 , f − ∈ E − l−1,l such that v = s(f − ) = t(e − ), and for every vertex v ∈ V 0 , there exists e − ∈ E − 0,1 such that v = t(e − ), (2) Every edge e + ∈ E + l,l+1 satisfies s(e + ) ∈ V l , t(e + ) ∈ V l+1 , and for every vertex v ∈ V l with l = 0, there exist e + ∈ E + l,l+1 , f + ∈ E + l−1,l such that v = t(f + ) = s(e + ), and for every vertex v ∈ V 0 , there exists e + ∈ E + 0,1 such that v = s(e + ).
This condition is said to be right-resolving for the labeling map λ − :
(2) The condition t(e + ) = t(f + ), λ + (e + ) = λ + (f + ) for e + , f + ∈ E + implies e + = f + . This condition is said to be left-resolving for the labeling map λ + :
(v) For every pair u ∈ V l , v ∈ V l+2 with l ∈ Z + , we put
Then there exists a bijective correspondence ϕ :
The property (v) is called the local property of λ-graph bisystem. The pair (L − , L + ) is called a λ-graph bisystem over Σ ± .
We write {v l 1 , . . . , v l m(l) } for the vertex set V l . The transition matrices A
is said to have a common alphabet. In this case, we write the alphabet Σ − = Σ + as Σ. We write an edge e − ∈ E − (resp. e + ∈ E + ) as e without − sign (resp. + sign) unless we specify.
Let (L − , L + ) be a λ-graph bisystem over Σ ± . For a vertex u ∈ V l , its follower set F (u) in L − and its predecessor set P (u) in L + are defined in the following way:
Similarly,
, t(e 2 ) = s(e 3 ), . . . , t(e l−1 ) = s(e l ), t(e l ) = u}. The set P (u) is figured such as
If a standard λ-graph bisystem (L − , L + ) having a common alphabet satisfies the condition Figure 2 in the end of this section.
(iv) A standard λ-graph bisystem for square matrices with entries in {0, 1}.
be an N × N square matrix with entries in {0, 1}. We set N 2 × N 2 matrices M − , M + over Σ by setting 
Let (L − , L + ) be a λ-graph bisystem satisfying FPCC. We say that (L − , L + ) presents a subshift Λ if the set of concatenated finite labeled paths in L − coincides with the set B * (Λ) = ∪ ∞ n=0 B n (Λ) of admissible words of Λ, and similarly the set in L + also coincides with B * (Λ). In [23] , it was proved that any λ-graph bisystem (L − , L + ) satisfying FPCC presents a two-sided subshift, and conversely, any two-sided subshift Λ over Σ is presented
and called the canonical λ-graph bisystem for Λ. We will briefly review the construction of the canonical [23] . We fix a subshift Λ over Σ. For k, l ∈ Z with k < l, we put n(k, l) = l − k − 1 ∈ Z + . For x = (x n ) n∈Z ∈ Λ, we put a set of words
y and call it (k, l)-centrally equivalent. Define the set of equivalence classes
, that is a finite set because the set of words length less than or equal to n(k, l) is finite. Let m(k, l) = |Ω c k,l | the cardinal number of the finite set Ω c k,l . We denote by {C
equivalence classes. Since for x, y ∈ Λ, we for all n ∈ Z, i = 1, 2, . . . , m(k, l).
and β ∈ Σ such that (β, ν k+2 , ν k+3 , . . . , ν l−1 ) ∈ W k,l (x) for some ν = (ν k+2 , ν k+3 , . . . , ν l−1 ) ∈ B l−k−2 (Λ), the bi-infinite sequence
Similarly for x = (x n ) n∈Z ∈ C k,l i and α ∈ Σ such that (µ k+1 , µ k+2 , . . . , µ l−2 , α) ∈ W k,l (x) for some µ = (µ k+1 , µ k+2 , . . . , µ l−2 ) ∈ B l−k−2 (Λ), the bi-infinite sequence
is also well-defined, that is, it does not depend on the choice of x = (x n ) n∈Z ∈ C k,l i and µ = (µ k+1 , µ k+2 , . . . , µ l−2 ) ∈ B l−k−2 (Λ) as long as (µ k+1 , µ k+2 , . . . , µ l−2 , α) ∈ W k,l (x).
Let us in particular specify the following equivalence classes Ω c −l,1 and Ω c −1,l and define the vertex sets V 
and λ + (e + ) = α. The set of such edges from v l i to v l+1 j
We set 
where upward arrows ←− and ←− (bold) in L − F are labeled α and β, respectively, whereas downward arrows ←− and ←− (bold) in L + F are labeled α and β, respectively. 3 Two-sided AF algebras
, µ, ν ∈ W n i be the set of matrix units of the algebra M N n i (C). They are partial isometries satisfying the identities
otherwise.
Define the full matrix algebra F
that is the C * -algebra generated by the partial isometries E
The following lemma is obvious.
) n∈Z + denotes the transition matrix bisystem for the λ-graph bisystem (L − , L + ) defined by (2.2) and (2.3). We put
Lemma 3.2. The above maps define unital embeddings
Proof. We have
, that is clearly injective. Similarly we know that
We will next show that
They are the unit of F k,l i and that of F k,l L , respectively. We have
For a fixed j = 1, 2, . . . , m(k, l + 1), we see
Lemma 3.3. For k, l ∈ Z with k < l, the following diagram is commutative:
On the other hand
The local property of λ-graph bisystem (2.4) tells us the identity
so that we conclude that
Hence we have an inductive system of finite dimensional C * -algebras:
satisfying FPCC is defined by the AF-algebra defined by the inductive system (3.
is the canonical λ-graph bisystem for a subshift Λ, we write the AF-algebra F L Λ as F Λ and call it the AF-algebra defined by the two-sided subshift Λ. 
We thus reach the following proposition
Proof. It is well-known that an ideal of an AF-algebra bijectively corresponds to a hereditary subset of the Bratteli diagram which defines the AF-algebra ( [1] ). The irreducibility ensures us that there is no nontrivial hereditary subset of the Bratteli diagram B ( t L − ,L + ) , so that the algebra F L is simple.
C * -algebras associated with two-sided subshifts
Let (L − , L + ) be a λ-graph bisystem satisfying FPCC. Let Λ be its presenting subshift.
In the first half of this section, we will construct an automorphism ρ L on the AF-algebra F L arising from the shift σ on the subshift Λ, and then define the C * -algebra R L as the crossed product F L ⋊ ρ L Z. In the second half of the section, we will give a condition on
For the transition matrix bisystem (A − , A + ) for (L − , L + ), we define matrices A − n 1 ,n 2 , A + n 1 ,n 2 , for n 1 , n 2 ∈ Z + with n 1 < n 2 and γ = (γ 1 , . . . , γ n 2 −n 1 ) ∈ B n 2 −n 1 (Λ) by setting,
We note that
and
As µγ = ην if and only if γ = ξν, η = µξ for some ξ ∈ B k 2 −l 1 (Λ), we have
so that ι
rise rise to an automorphism on the C * -algebra F L , that will be written as ρ L . For k, l ∈ Z with k < l and µ ∈ B n(k,l) (Λ), we put the projection
Let us denote by D L the diagonal algebra of the AF-algebra F L , that is generated by the projections of the form E
Let us denote by C(Λ) the commutative C * -algebra of all complex valued continuous functions on Λ.
Proposition 4.2. There exists an embedding ι
Proof. For k, l ∈ Z with k < l and an admissible word
be the characteristic function on Λ. It is easy to see that the correspondence
We will now define the C * -algebra R L associated with λ-graph bisystem satisfying FPCC.
is the canonical λ-graph bisystem for a subshift Λ, the C * -algebra R L Λ is called the C * -algebra associated with two-sided subshift Λ, and written R Λ .
We remark that a subshift can not be any Smale space unless it is a shift of finite type (cf. [27] , [28] , [31] ). The above definition of the C * -algebras associated with two-sided subshifts is a generalization of the asymptotic Ruelle algebras for shifts of finite type to general subshifts.
We will next give a condition on (L − , L + ) under which the C * -algebra R L becomes simple. In what follows, we assume that a λ-graph bisystem (L − , L + ) satisfies FPCC. Let us denote by Λ the presented subshift by (L − , L + ). We provide a lemma similar to Lemma 4.1.
Proof. As in the proof of Lemma 4.1, we have
and similarly we have
. By a similar argument to the above one, we know that there exists a unique vertex v
holds. We thus see that ι
. Similarly we may prove that ι
satisfying FPCC is said to satisfy condition (I + ) (resp. (I − )) if for n, k ∈ N there exists K ∈ N with k < K such that there exists a k-aperiodic word µ(i) ∈ B K (Λ) for each i = 1, 2, . . . , m(n) such that µ(i) starts (resp. ends) with Let us denote by
of the AF-algebra F L for l ∈ Z + . Let us identify the commutative C * -subalgebra generated by the projections E k,l (µ), k, l ∈ Z, k < l, µ ∈ B n(k,l) (Λ) with the commutative C * -algebra C(Λ) by Proposition 4.2.
For the n, k ∈ N, the condition (I + ) ensures us that there exists K > k such that there exists a k-aperiodic word µ(i) ∈ B k (Λ) for each i = 1, 2, . . . , m(n) such that µ(i) starts with v n i in L + . We set a projection
Let −l < l < n < n + K + 1 correspond to k 1 < l 1 < k 2 < l 2 in Lemma 4.1, respectively. We know that q l k commutes to F l L . As the words µ(i) starts at v n i for all i = 1, 2, . . . , m(n), we have q l k a = 0 for all a ∈ F l L with a = 0. As the words µ(i) are k-aperiodic, we have
The following proposition shows a uniqueness of the crossed product 6) then the correspondence
extends to an isomorphism from F L ⋊ ρ L Z onto the C * -subalgebra of B generated by π(x), x ∈ F L and u.
Proof. Assume that (L − , L + ) satisfies condition (I). In general, a pair (A, ρ) of a unital C * -algebra A and an automorphism ρ of A is an example of a C * -symbolic dynamical system introduced in [17] (cf. [18] , [19] ). By the previous lemma, the pair (F L , ρ L ) satisfies condition (I) as a C * -symbolic dynamical system in the sense of [19, Section 3] , so that by [19, Theorem 3.9] , we know the desired assertion.
Therefore we have the following simplicity criterion for the C * -algebra R L .
Proof. Suppose that (L − , L + ) satisfies condition (I). By Proposition 4.7, any nontrivial ideal I of the crossed product R L = F L ⋊ ρ L Z has nontrivial intersection with the AFalgebra F L . As the AF-algebra F L is simple by Proposition 3.6, we may conclude that the crossed product F L ⋊ ρ L Z is simple.
Invariance under topological conjugacy
In this section, we will prove that the pair (F L , ρ L ) for a λ-graph bisystem (L − , L + ) satisfying FPCC is invariant under properly strong shift equivalence of the associated symbolic matrix bisystems, so that the crossed product R L is also invariant under the equivalence relation in the symbolic matrix bisystems. As a corollary, if two subshifts Λ 1 , Λ 2 are topologically conjugate, then the pairs (
and the C * -algebra R L yield topological conjugacy invariants for subshifts. In order to prove such invariance, we recall the notion of symbolic matrix bisystem and its properly strong shift equivalence introduced in [23] . We first recall the definition of symbolic matrix bisystem, that is a matrix presentation of a λ-graph bisystem. Let Σ be a finite alphabet and S Σ be the set of finite formal sums of elements of Σ. By a symbolic matrix A over Σ we mean a rectangular finite matrix A = [A(i, j)] i,j whose entries in S Σ . We write the empty word ∅ as 0 in S Σ . For the symbolic matrix A, if A(i, j) = α 1 + · · · + α n , then we write an edge e k labeled α k for k = 1, . . . , n from a vertex v i to a vertex v j , so that we have a finite labeled directed graph.
For two alphabets Σ, Σ ′ , the notation Σ · Σ ′ denotes the set {a · b | a ∈ Σ, b ∈ Σ ′ }. The following notion of specified equivalence between symbolic matrices due to M. Nasu in [24] , [25] . For two symbolic matrices A over alphabet Σ and A ′ over alphabet Σ ′ and a bijection ϕ from a subset of Σ onto a subset of Σ ′ , we call A and A ′ are specified equivalence under specification ϕ if A ′ can be obtained from A by replacing every symbol α appearing in components of A by ϕ(α). We write it as A ϕ ≃ A ′ , and call ϕ a specification from Σ to Σ ′ . For two alphabet Σ 1 , Σ 2 , the bijection α · β ∈ Σ 1 · Σ 2 −→ β · α ∈ Σ 2 · Σ 1 naturally yields a bijection from S Σ 1 ·Σ 2 to S Σ 2 ·Σ 1 that we denote by κ and call the exchanging specification between Σ 1 and Σ 2 . 
holds, where κ is the exchanging specification between Σ and Σ ′ .
The condition (v) exactly expresses the local property of λ-graph bisystem (v) in Definition 2.1. The pair (M − , M + ) is called a symbolic matrix bisystem over Σ ± .
It is easy to see that symbolic matrix bisystem is exactly a matrix presentation of λ-graph bisystem. A symbolic matrix bisystem (M − , M + ) is said to be standard if m(0) = 1, that is its row sizes of the matrices M . Hence we may recognize that symbolic matrix bisystems satisfying FPCC and λ-graph bisystems satisfying FPCC are the same objects (see [23] for detail).
As seen in Section 2, any subshift is presented by a λ-graph bisystem satisfying FPCC, and hence by a symbolic matrix bisystem satisfying FPCC. In [23] , we introduced a notion of properly strong shift equivalence in symbolic matrix bisystems satisfying FPCC, and proved that two subshifts are topologically conjugate if and only if their canonical symbolic matrix bisystems are properly strong shift equivalent.
Let (M (1) a c(l) × d(l + 1) matrix P l over C,
satisfying the following equations:
where κ is the exchanging specification defined by κ(a · b) = b · a.
We write this situation as (M 
Proof. Assume that the symbolic matrix bisystems (M 
where for a symbolic matrix A, the matrix A κ is denoted by We identify symbols in Σ 1 (resp. Σ 2 ) with symbols in C · D (resp. D · C) through ϕ 1 (resp. ϕ 2 ).
Let us denote by E
) be the transition matrix bisystem for the bipartite λ-graph bisystem ( L − , L + ). We define homomorphisms
by setting
. We then have
so that the homomorphisms
yield isomorphisms between F L 1 and F L 2 . We denote the isomorphism induced by
For subshifts Λ 1 and Λ 2 , we consider their canonical λ-graph
) for the subshifts Λ 1 and Λ 2 , respectively. As a corollary, we have Corollary 5.5. Suppose that two subshifts Λ 1 and Λ 2 are topologically conjugate. Then there exists an isomorphism Φ :
For a subshift (Λ, σ), let us denote by ( t Λ, σ) the transposed subshift (Λ, σ −1 ) of (Λ, σ). 
We remark that the isomorphism Φ :
We remark also recent preprints [21] , [22] . If in particular a subshift is a topological Markov shift (Λ A , σ A ), then the C * -algebra R Λ A denoted by R A is nothing but the asymptotic Ruelle algebra written R a σ A in [27] . In this case we know much more than Corollary 5.5 and Corollary 5.6. (ii) (Λ A , σ A ) and (Λ B , σ B ) are flip conjugate if and only if there exists an isomorphism Φ :
6 Didimension groups and K-theory formulas
) l∈Z + be its transition matrix bisystem. We define the sequence (M − , M + ) of m(l) × m(l + 1) matrices by
2)
for i = 1, 2, . . . , m(l), j = 1, 2, . . . , m(l + 1). By the local property of λ-graph bisystem, the commutation relations
hold. The sequence of pairs of nonnegative matrices is called a nonnegative matrix bisystem. In this section, we will introduce the notions of dimension group, K-groups for nonnegative matrix bisystems. The dimension group defined in this section is a generalization of the dimension group for nonnegative matrices defined by W. Krieger in [9] , [10] , and for nonnegative matrix systems defined by the author in [15] . For a λ-graph bisystem (L − , L + ) satisfying FPCC, the dimension group will be isomorphic to the K 0 -group of the AF-algebra F L and K-groups are isomorphic to the K-groups for the C * -algebra R L . Hence if (L − , L + ) is the canonical λ-graph bisystem for a subshift Λ, the dimension group and K-groups are invariant under topological conjugacy of subshifts. We first formulate the dimension group and the dimension triple for nonnegative matrix bisystems. Let (M − , M + ) be a nonnegative matrix bisystem. The transpose t M 
We put the inductive limits:
of the abelian group and its positive cone. By the relation (6.3), the sequence of the transposed matrices t M + l,l+1 of M + l,l+1 naturally induces an order preserving endomorphism on the ordered group
and define an abelian group and its positive cone by the following inductive limits:
We call the ordered group (
. We still denote it by δ (M − ,M + ) and call it the dimension automorphism. We call the triple ( 
The following lemma is direct.
Lemma 6.1. We have an increasing sequence
We define the matrix component
l,l+1 the transpose of M 2 l,l+1 . We thus have Lemma 6.2. For l ∈ N, we have the commutative diagram:
By (6.7), the equality
, we obtain the desired commutative diagram.
we have
Define the ordered abelian group (
) by setting
and Z m(2l−1) in (6.8) gives rise to the following proposition.
Proposition 6.4. Let L be a λ-graph bisystem satisfying FPCC and (M − , M + ) its nonnegative matrix bisystem. Then we have a natural identification
We have the following theorem.
Theorem 6.5. There exists an isomorphism Ψ :
Proof. Since F L is the AF algebra of the inductive system lim
We will show that Ψ yields a well-defined homomorphism from
(6.10)
We then have
As λ
by (6.10), we have
We know that
as elements of ∆ (M − ,M + ) and
as elements of Z M − . Therefore by (6.12), (6.13), (6.15), (6.16) and (6.18) we know that Ψ(X) = Ψ(Y ) as elements of ∆ (M − ,M + ) so that Ψ yields a well-defined homomorphism
It is routine to check that Φ yields a well-defined homomorphism from
and Φ(∆
and hence Ψ and Φ give rise to order preserving isomorphisms inverses to each other.
Since the right hand side of (6.19) is nothing but
We will next present K-theory formulas for the C * -algebra R L . Let (M − , M + ) be a nonnegative matrix bisystem. For l ∈ Z + , we set the abelian groups
The following lemma is straightforward by using the commutation relations (6.3).
Lemma 6.6. The map t M − l,l+1 : Z m(l) −→ Z m(l+1) naturally induces homomorphisms between the following groups:
We now define the K-groups for nonnegative matrix bisystem (M − , M + ).
Definition 6.7. The K-groups for (M − , M + ) are defined by the inductive limits of the abelian groups:
20)
It is routine to show the following lemma by definition.
Lemma 6.8.
The following formulas show that the groups K * (M − , M + ) are determined by its dimension triple.
Lemma 6.9.
, the assertions are straightforward by Lemma 6.8.
holds. As F L is an AF-algebra, one sees that K 1 (F L ) = 0, and hence we have the following formulas.
Lemma 6.10.
By Theorem 6.5, we conclude the following theorem.
Topological Markov shifts
In this section, we will compute the dimension triple (
Let G = (V, E) be a finite directed graph. We assume that G is primitive (see [14, p. 127] ). Let V = {v 1 , . . . , v N } and put Σ = E the edge set of G. We further assume that G does not have multiple edges. Put V = V × V . We write each element (v p , v i ) of V as (p, i), so that V = {(p, i) | p, i = 1, 2, . . . , N }. We also write an edge from v i to v j as α ij . If there is no edge from v i to v j , we write α ij = 0. Hence the adjacency matrix of the graph is written A = [α ij ] N i,j=1 . Let Λ G be the topological Markov shift over Σ defined by the graph G (see [14] ).
) be the canonical symbolic matrix bisystem for the topological Markov shift Λ G defined by a primitive finite directed graph G as an edge shift. Define
Then there exists L ∈ N such that
for all l ≥ L. 
so that we obtain the desired commutative diagram.
Therefore we have the following proposition.
Proposition 7.3. Let (Λ G , σ) be the topological Markov shift defined by a primitive directed graph G = (V, E). Let A be its transition matrix. Then we have
where
The above formula (7.2) has appeared in Putnam's paper [27] (cf. [7] , [20] ). In his paper, the right hand of (7.2) is written as H( t A). For the full N -shift, the group K 0 (F Λ G ) has been already computed as in the following way. 
We remark that the ordinary dimension triple for the full N -shift Λ N is (Z[ We will now present examples of K i (R Λ G ), i = 1, 2 for topological Markov shifts Λ G .
Examples.
1. Full 2-shift. Let A = a b c d be a symbolic matrix over alphabet Σ = {a, b, c, d}.
Let G 2 be the finite directed graph having two vertices and four directed edges associated with the symbolic matrix A. Let us consider the symbolic matrix bisystem (M
) be the associated λ-graph bisystem.
Its presenting subshift is topologically conjugate to the full 2-shift. Put M 2 = 1 1 1 1 . By (7.1), the associated nonnegative matrix bisystem (M 
We will show the following
we easily have 
The diagram
commutes, where M − 2 is the endomorphism on the abelian group
As lim
We will next compute 
so that the diagram
2. Golden mean shift. Let F = a b c 0 be a symbolic matrix over alphabet Σ = {a, b, c}. Let G F be the finite directed graph having two vertices and three directed edges associated with the symbolic matrix F. Let us consider the symbolic matrix bisystem (M
) be the associated λ-graph bisystem. Its presenting subshift is topologically conjugate to the topological Markov shift defined by the matrix F = 1 1 1 0 , that is called the golden mean shift written Λ F (cf. [14] ). The matrix F has the unique positive eigenvalue
2 , denoted by β. By (7.1), the associated nonnegative matrix bisystem (F − , F + ) is given by We will show the following.
we easily have
The diagram
commutes, where F − denotes the endomorphism on the abelian group Z 4 /(F − − F + )Z 4
induced by the matrix F − . As 
Remark 7.7. As in [23, Lemma 10 .4], we know that the C * -algebra R Λ F is a simple ATalgebra with real rank zero having a unique tracial state τ such that τ * (K 0 (R Λ F )) = Z+Zβ. Hence by classification of theory of C * -algebra ( [5] , cf. [30] ), R Λ F is isomorphic to the irrational rotation C * -algebra A β with irrational angle β.
Even shift
The even shift written Λ ev is a sofic subshift over alphabet {α, β} whose forbidden words are the set of words 
is an irreducible component of the former one, so that the associated C * -algebra R Λ λ ev is simple, whereas the other one R Λ c ev is not simple.
We will first visualize the canonical λ-graph To compute the above group of the inductive limit, we provide some notation of basic operations on matrices from elementary linear algebras. For i, j = 1, 2, . . . , 9, define the column operations to be: We note that the equality BZ 9 = CZ 9 and hence Z 9 /BZ 9 = Z 9 /CZ 9 hold. By the row operations R(−8 → 9)R(7 → 
